Abstract: Let X be a set in R n with positive Lebesgue measure. It is well known that the spectrum of the algebra L ∞ (X) of (equivalence classes) of essentially bounded, complex-valued, measurable functions on X is an extremely disconnected compact Hausdor space. We show, by elementary methods, that the spectrum M of the algebra L b (X, C) of all bounded measurable functions on X is not extremely disconnected, though totally disconnected. Let ∆ = {δx : x ∈ X} be the set of point evaluations and let g be the Gelfand topology on M. Then (∆, g) is homeomorphic to (X, T dis ), where T dis is the discrete topology. Moreover, ∆ is a dense subset of the spectrum M of L b (X, C). Finally, the hull h(I), (which is homeomorphic to M(L ∞ (X))), of the ideal of all functions in L b (X, C) vanishing almost everywhere on X is a nowhere dense and extremely disconnected subset of the Corona M \ ∆ of L b (X, C).
Introduction
Given a set X ⊆ R is a uniform algebra. L ∞ is the classical algebra of (equivalence classes) of essentially bounded functions. It is well known that its spectrum (or maximal ideal space) M(L ∞ ) is an extremely (also called extremally) disconnected compact Hausdor space (see e.g. [2] ) and that (L ∞ , || · ||e.s) is isomorphic isometric to C(M(L ∞ )), || · ||∞ . In this note we investigate its cousin algebra, L b (X, C), of all bounded Lebesgue measurable functions on X endowed with the supremum norm || · ||∞. Let us emphasize that L b (X, C) is strictly contained in L ∞ , and that L ∞ contains unbounded functions. As far as we are aware of, a description of the maximal ideal space M of L b (X, C) has never been given in literature. To our surprise, it will turn out that M is not extremely disconnected, but only totally disconnected. We shall also study the hull
of the ideal I of all functions in L b (X, C) vanishing almost everywhere on X. How big is this set? It will be shown that this set is a nowhere dense subset of the Corona M \ ∆ of L b (X, C), where ∆ = {δx : x ∈ X} is the set of point functionals on L b (X, C). Another result will tell us that the restriction of the Gelfand topology g to ∆ is the discrete topology and that ∆ is dense in M.
Our approach is entirely self-contained and thus accessible to graduate students. The results could also be derived by using the advanced theory of Banach lattices, Boolean algebras and Dedekind complete spaces, necessitating though the knowledge of a large amount of classical results. Usually, these advanced methods are given in monographs on C * -algebras and operator algebras, as for example [1, 7, 10] . It will nally be observed that the topological stable rank (and hence the Bass stable rank) of L b (X, C) is one.
Some topological tools
Here we list, for the reader's convenience, several standard results needed for our proofs. As usual, let dim X denote the covering dimension of a compact space X and C(X) := C(X, C) the space of all continuous, complex-valued functions on X. A proof of the following well-known result is given in [8, p.113 
is dense in Y, and if x is an isolated point in X, then x is an isolated point in Y, whenever Y is Hausdor .
A commutative unital Banach algebra A is said to have the topological stable rank n if n is the smallest integer such that the set
. We refer to [6] for detailed proofs concerning the relation of this concept, introduced by Rie el, to other notions of stable ranks.
The spectrum of the algebra of bounded Lebesgue measurable functions
Let ∞ (X, C) be the set of all bounded, complex-valued functions on X and let L b (X, C) be the subset of all bounded Lebesgue measurable functions. Endowed with the usual pointwise algebraic operations and the supremum norm, ∞ (X, C), +, ×, • S , ||·||∞ becomes a uniform algebra with L b (X, C) as a closed subalgebra¹.
Complex conjugation being an involution, we actually see that these algebras are commutative C * -algebras. Many properties of our two algebras above therefore are known consequences of the general abstract theory and can be found for instance in [7, 10] . Our main object will be L b (X, C). Its companion algebra, the algebra of all bounded Borel measurable functions on completely regular spaces, is brie y mentioned in [10, III.1.25]. We shall not consider that algebra here. Let us recall the following fact, which immediately follows from the classical theory of Banach algebras. Observe that M(A) denotes the spectrum of a commutative unital complex Banach algebra A.
Proposition 1. Let I be the ideal of all functions in L b (X, C) which vanish almost everywhere on X and let
h(I) ⊆ M(L b (X, C)) be its hull. Then (i) (L ∞ , || • ||e.s) and (L b (X, C)/I, || • ||q) are isomorphic isometric. (ii) M(L b (X, C)/I)
is homeomorphic with h(I) and M(L ∞
).
We now present the new results of our note. Note that those parts dealing with the algebra ∞ (X, C) of all bounded functions on X are well-known (see for example [5, 11] ); we only include them to facilitate a comparison of both algebras which appear here and in order to get a better view in which aspects 'our' algebra L b (X, C) di ers from the standard one, ∞ (X, C).
. Then the following assertions hold:
1 The closedness follows from the fact that a pointwise (and a fortiori a uniform) convergent sequence of measurable functions is measurable. (
2) As a uniform algebra A is isometric isomorphic to ( A, || · || M(A) ) (see e.g. [3, p. 185]). Since the spectrum σ(f ) of a real-valued function in
A is a subset of the reals (note that f − λ is invertible whenever λ ∉ R), we deduce from the C-linearity of the Gelfand transform that for every f = u + iv ∈ A and x ∈ M(A)
Hence ( A, || · || M(A) ) is a self-adjoint, uniformly closed, point separating subalgebra of C(M(A)). By the StoneWeierstrass theorem, A = C(M(A)).
(3) Given x ∈ X, let f be the characteristic function of {x }. Then f ∈ A. The assertion now follows from the following identities. Let < ε < / . Then
is clearly an embedding by (3) . (5) That ∆ is dense in M(A) follows from (1) using the usual arguments given e.g. in [3, p. 191] . (7) SinceX carries the discrete topology, we see that ∞ (X, C) = C b (X, C). BecauseX is a completely regular space, we get from the Stone-Čech Theorem that M( ∞ (X, C)) = βX. Moreover, βX is extremely disconnected (see [4] and [1, p.437] ). N(j) ). Given a measurable set E ⊆ X (this set may have measure zero), we claim that
we see that χ E = χ M . Since χ E , and hence χ M , is continuous, M is open-closed. This yields (2) . We conclude that C) ) and it can be written as
Hence f is a characteristic function of some measurable subset S of X. We conclude that the closed-open sets of the form
form a basis for the Gelfand topology. Since M(L b (X, C)) is a compact Hausdor space, the total disconnectedness is just an equivalent property (see Theorem A). Next we show that M(L b (X, C)) is not extremely disconnected. Let E be a non-measurable subset of X and let F := X \ E. SinceX carries the discrete topology, E and F are open sets inX. Hence, by (4) , ∆ E := {δx :
Hence f − ({ }) = E and so E is a measurable set, because f is a measurable function. A contradiction. We conclude that M(L b (X, C)) is not extremely disconnected.
(9) Because for any x ∈ X, the characteristic function of {x } is measurable, we see that δx ∉ h(I), the hull of I. Hence
Next we show that h(I) is nowhere dense in C. Assuming the contrary, there is a (relatively) open set V in
where S ⊆ X is measurable, such that m ∈ {m ∈ C : χ S (m) = } ⊆ V ⊆ h(I).
Hence S is in nite (because otherwise U∩∆ = ∆ S := {δx : x ∈ S} is a closed set contained in ∆, but m ∈ C∩U). Let (xn) be a sequence of distinct points in S and consider the ideal J := {f ∈ L b (X, C) : f (xn) = for almost every n}.
Then J is a proper ideal. Any maximal ideal containing J is necessarily contained in the corona C. Hence h(J) ⊆ C. Also R := {δx n :
Now the function u, given by u(x) = for x ∈ X \ {xn : n ∈ N} and u(xn) = for n ∈ N, is measurable. Thus u belongs to L b (X, C) and u is equal to almost everywhere. Consequently, u ∈ I and so u ≡ on h(I). But u(δx n ) = implies that u(m) = for every m in the weak-*-closure of {δx n : n ∈ N}. In particular, u = on R; a contradiction. We conclude that h(I) is nowhere dense in C. 
